The M-theory lift of N = 2 SU(3) × U(1) R -invariant RG flow via a combinatorical use of the 4-dimensional flow and 11-dimensional Einstein-Maxwell equations was found previously. By taking the three internal coordinates differently and preserving only SU(3) symmetry from the CP 2 space, we find a new 11-dimensional solution of N = 1 SU(3)-invariant RG flow interpolating from N = 8 SO(8)-invariant UV fixed point to N = 2 SU(3) × U(1) Rinvariant IR fixed point in 4-dimensions. We describe how the corresponding 3-dimensional N = 1 superconformal Chern-Simons matter theory deforms. By replacing the above CP 2 space with the Einstein-Kahler 2-fold, we also find out new 11-dimensional solution of N = 1 SU(2) × U(1)-invariant RG flow connecting above two fixed points in 4-dimensions.
Introduction
The 3-dimensional N = 6 U(N)×U(N) Chern-Simons matter theory [1] with level k describes the low energy limit of N membranes at C 4 /Z k singularity. The N = 8 supersymmetry is preserved for k = 1, 2. The matter contents and the superpotential of this theory are exactly same as the ones in the theory for D3-branes at the conifold in 4-dimensions [2] . The 3-dimensional membrane theory is related to the 4-dimensional N = 8 gauged supergravity theory [3] via AdS/CFT correspondence [4] . The holographic N = 2 SU(3) × U(1) R -invariant renormalization group(RG) flow connecting the N = 8 SO(8) ultraviolet (UV) point to the N = 2 SU(3) × U(1) R infrared (IR) point has been studied in [5, 6, 7] long ago while the N = 1 G 2 -invariant RG flow from the N = 8 SO(8) UV point to the N = 1 G 2 IR point has been described in [6, 8] . The former has SU(3) × U(1) R -symmetry and the latter has G 2 -symmetry, around IR region. The 11-dimensional M-theory lifts of these two RG flows have been found in [9, 8] by solving the Einstein-Maxwell equations explicitly in 11-dimensions. The mass deformed U(2) × U(2) Chern-Simons matter theory with k = 1, 2 preserving the N = 2 SU(3) × U(1) R symmetry has been found in [10, 11] while the mass deformation for this theory preserving the N = 1 G 2 symmetry has been found in [12] . The nonsupersymmetric RG flow equations preserving two SO (7) ± symmetries have been studied in [13] . The holographic N = 1 SU(3)-invariant RG flow equations connecting N = 1 G 2 point to N = 2 SU(3) × U(1) R point in 4-dimensions have been studied in [14] . Moreover, the other holographic supersymmetric RG flows have been found and further developments on the 4-dimensional gauged supergravity (see also [15, 16] ) have been made in [17, 18] . The spin-2 Kaluza-Klein modes around a warped product of AdS 4 and a seven-ellipsoid having the N = 1 G 2 symmetry are discussed in [19] . The gauge dual with N = 2 SU(2)×SU(2)×U(1) R symmetry for the 11-dimensional lift of SU(3) × U(1) R -invariant solution in 4-dimensional supergravity is described in [20] (see also [21] ). The 11-dimensional description preserving N = 2 SU(2) × U(1) × U(1) R symmetry is found in [22] and the smaller N = 2 U(1) × U(1) × U(1) R symmetry flow is discussed in [23] . Further study on [8] is done in [24] recently. When the 11-dimensional supergravity theory is reduced to 4-dimensional N = 8 gauged supergravity, the 4-dimensional spacetime is warped by a warp factor ∆ which depends on both 4-dimensional coordinates and 7-dimensional internal coordinates. The 7-dimensional internal metric of deformed 7-sphere is obtained from the AdS 4 supergravity fields [25, 26] .
As they vary, the geometric structure of round 7-sphere changes. We have the following 11-dimensional metric ds 2 11 = ∆ −1 dr 2 + e 2A(r) η µν dx µ dx ν + ds cosh −1 2) [27] . The L is the radius of the round 7-sphere S 7 . We focus on the possible 11-dimensional lifts of the RG flows around N = 2 SU(3) × U(1) R critical point in this paper and those around N = 1 G 2 critical point have been described in [24] recently. For the specific 7-dimensional internal metric ds 2 7 , how one can determine the solution for 11-dimensional Einstein-Maxwell equations? For given 11-dimensional metric and 4-form field strengths, the 11-dimensional bosonic field equations are given by [28] compactification, we would like to find out the new 11-dimensional solutions by taking the other various Einstein-Kahler 2-folds including the above CP 2 space, inside of 6-dimensional manifold. For the latter compactification, the new 11-dimensional solutions were found in [9, 20, 22, 23] where the 3-forms are fixed by the unbroken U(1) symmetry which is nothing but the U(1) R symmetry.
In this paper, we find out a new exact solution of N = 1 SU(3)-invariant flow (connecting from the N = 8 SO(8) UV fixed point to N = 2 SU(3) × U(1) R IR fixed point) to the 11-dimensional Einstein-Maxwell equations. This can be described in the 3-dimensional N = 1 Chern-Simons matter theory by introducing two mass terms for two adjoint N = 1 superfields.
If the two masses are equal to each other, then the previously known N = 2 SU(3) × U(1) Rinvariant flow [10] arises. If both masses are nonzero but not necessarily equal, then the N = 1 SU(3)-invariant flow occurs. We claim that we have found the 11-dimensional uplift of the generic N = 1 flow with unequal mass parameters found by [14] .
There exist various 4-dimensional Einstein-Kahler 2-folds which live in 5-dimensional Sasaki-Einstein space. By replacing the above CP 2 space with CP 1 × CP 1 space, EinsteinKahler 2-fold, and other Einstein-Kahler 2-fold, respectively, we find out new 11-dimensional solutions of N = 1 SU(2) × SU(2)-, SU(2) × U(1)-and U(1) × U(1)-invariant RG flows connecting above two fixed points. The corresponding U(1) bundles are replaced also. We will present the middle one which can be generalized to the last and leads to the first for particular limit. One can take the last one because this includes the first two cases but there is no nonabelian symmetry group.
In section 2, by changing only three coordinates among seven internal coordinates characterized by previous parametrization [9] , one keeps only SU(3) symmetry inside of SU(3) × U(1) R symmetry. Then, the 11-dimensional metric can be written in terms of these new coordinates and it contains the Fubini-Study metric on CP 2 space [30] . The Ricci tensor can be expressed as a linear combination of the Ricci tensor for SU(3) × U(1) R -invariant flow and similarly the 4-forms also are given by a linear combination of 4-forms for SU(3) × U(1) Rinvariant flow. Then, we find out a new solution for the 11-dimensional Einstein-Maxwell equations corresponding to the 11-dimensional lift of the N = 1 SU(3)-invariant RG flow connecting from the N = 8 SO(8) UV fixed point to N = 2 SU(3) × U(1) R IR fixed point.
In the 11-dimensional point of view, both the metric and 4-forms preserve only the SU(3) symmetry inside of SU(3) × U(1) R symmetry. The possible deformation in the gauge dual, N = 1 Chern-Simons matter theory, is discussed.
In section 3, by considering the the Einstein-Kahler 2-fold and U(1) bundle living in the 5-dimensional Sasaki-Einstein manifold Y p,q , one keeps only SU(2) × U(1) symmetry inside of SU(2) × U(1) × U(1) R symmetry. We find out a new solution for the 11-dimensional lift of the N = 1 SU(2) × U(1)-invariant RG flow. In section 4, we summarize the results of this paper and present some future directions.
In the Appendices, we present the detailed expressions for the Ricci tensor, 4-form field strengths, and Maxwell equation.
The new 11-dimensional solutions of N = 1 SU(2) × SU(2)-, and U(1) × U(1)-invariant RG flows connecting above two fixed points in 4-dimensions can be done similarly. 
The sum of these vectors is restricted on the round seven-sphere S 7 . That is,
= sin 2 θ and the ellipsoidal deformation arises along the remaining V 1 (X 7 )-direction. By looking at the inside of S 7 , the unit round fivesphere S 5 with CP 2 -base can be described by the following six variables with the constraint
The isometry of five-sphere S 5 is given by SU(3) × U(1) where SU(3) acts on three complex coordinates z i and the U(1) acts on each z i as the phase rotations. 
and (u, J du) ≡ u i J ij u j is the Hopf fiber on it and is given by
The J is the standard Kahler form: J 12 = J 34 = J 56 = J 78 = 1. The one-forms appearing in (2.3) are given by σ 1 = cos θ 4 dθ 2 + sin θ 2 sin θ 4 dθ 3 , σ 2 = sin θ 4 dθ 2 − sin θ 2 cos θ 4 dθ 3 , and σ 3 = dθ 4 + cos θ 2 dθ 3 . By extending to the 7-dimensional metric with the differentials dθ and dθ 6 , one sees the standard metric for round seven-sphere S 7 :
, dΩ
Inside of S 7 , the 6-dimensional metric is nothing but the metric for the unit round six-sphere S 6 . So far, the background geometry provides the N = 8 maximally symmetric AdS 4 × S 
where L is the radius of S 7 , twice the AdS 4 radius and the only nonzero 4-form field strength satisfying (1.3) with (2.6) is given by
, so-called Freund-Rubin parametrization [31] . Now we turn on the AdS 4 supergravity scalar fields (ρ, χ) starting from the above SO(8)-
invariant UV fixed point (ρ, χ) = (1, 0). They develop a nontrivial profile as a function of r (1.2) becoming more significantly different from (ρ, χ) = (1, 0) as one goes to the SU(3) × U(1) R IR fixed point. Let us consider the deformation from the ρ-supergravity field first. The deformation matrix Q is given by [9] 
The quadratic form ξ 2 = (X, Q X) ≡ X A Q AB X B from (2.1) and (2.7) can be calculated to be
One sees that the metric on the deformed R 8 by ellipsoidal squashing via ρ-field can be cos
Moreover, the partial differentiations of new variables (θ, θ 5 , θ 6 ) with respect to old variables (µ, φ, ψ) from (2.17) can be obtained also.
• The Ricci tensor and the 4-form field strengths along the flow Since the metric (2.16) is related to the metric given in [9] via the change of variables (2.17), one can use the SU(3) × U(1) R -invariant solution summarized in the Appendix A and find out the new solution which is invariant under the SU(3) symmetry. The Ricci tensor can be obtained from (2.16) directly or can be determined from the one preserving SU(3) × U(1) R by using the transformation on the coordinates between the two coordinate systems (2.17).
That is, the SU(3)-invariant Ricci tensor is given by 19) where the 11-dimensional coordinates are given by
Only three of them are distinct and the new variables (θ, θ 5 , θ 6 ) correspond to old variables (µ, φ, ψ). The Ricci tensor R between the two coordinate systems can be obtained from (2.17) . The Ricci tensor R N M for SU(3)-invariant flow is given in the Appendix B (B.1) explicitly and there exist off-diagonal components (4, 5) , (4, 11) , (5, 4) , (5, 10) , (5, 11) , (8, 5) , (8, 10) , (8, 11) , (9, 5) , (9, 10) , (9, 11) , (10, 5) , (10, 11) (11, 4) , (11, 5) and (11, 10) . At the IR critical point, the components of Ricci tensor (4, 5) , (4, 11) , (5, 4) and (11, 4) vanish.
For the 4-form field strengths, one has Note that the internal 3-form corresponding to above 4-forms (2.21)(the internal part of
where the rectangular coordinates with (2.1) and (2.2) are given by
Then it is easy to see that the 3-form (2.22) has explicit SU(3) symmetry because the 3 of
tensor ǫ ijk . The X 7 and X 8 are SU(3) singlets. Since the 3-form along the (123)-directions has (θ, θ 6 ) dependence as well as r-dependence, it is SU(3)-singlet.
• Checking the Einstein equation
One checks the Einstein equation using the solution for SU(3) × U(1) R -invariant flow. In [9] , it was shown that the Ricci tensor (A. • Checking the Maxwell equation
Let us introduce the notation • The mass deformation in dual gauge theory
The mass deformation of BL theory [32] has the fermion mass term in the Lagrangian [33] . For N = 1 supersymmetry, the bosonic mass terms consist of two independent terms when the 4-form F + 3 vanishes in 4-dimensional gauged supergravity [18] . One writes down the mass-deformed superpotential in N = 1 superfield notation
The original N = 1 superpotential W has quartic terms in Φ I and comes from the D-term and F-term of the N = 2 action [11, 14] and the superpotential W has terms not having (Φ 7 , Φ 8 ), terms in linear in Φ 7 , terms in linear in Φ 8 and terms that depend on Φ 7 and Φ 8 . When we integrate out (Φ 7 , Φ 8 ) in the deformed W + ∆W with (2.24) at low energy scale, we obtain the quartic terms coming from the original W which do not contain mass parameters and two kinds of sextic terms with two independent parameters which depend on (m 7 , m 8 ) by solving the equations of motion for (Φ 7 , Φ 8 ) in W + ∆W . This should flow to the superconformal field theory in the IR and the gravity dual shows that it will flow to the N = 2 SU(3) × U(1) Rinvariant fixed point. In the IR, when the two parameters are equal to each other in the resulting superpotential W , it will flow to the N = 2 SU(3) × U(1) R -invariant fixed point.
At the IR critical point, the supersymmetry should be enhanced from N = 1 to N = 2 and there exists U(1) R symmetry. Thus, we have found N = 1 superconformal Chern-Simons matter theory with global SU(3) symmetry and expect that SU(3)-invariant U(N)×U(N) Chern-Simons matter theory for N > 2 with k = 1, 2 is dual to the background of this paper with N unit of flux. Namely, we have described the 11-dimensional uplift of the generic N = 1 flow with unequal mass parameters found by [14] 1 .
Let us consider the 5-dimensional Sasaki-Einstein space Y p,q used in [34] and it consists of the Einstein-Kahler 2-fold and the U(1) bundle. Let us replace the CP 2 metric (2.3) and the fiber (2.4) with the Einstein-Kahler 2-fold and U(1) bundle of Y p,q space respectively. Then the following set of frames for the 11-dimensional metric can be written as
1 Since the 4-dimensional supersymmetric flow in [14, 6] involves four supergravity fields rather than two we considered in this paper, one might ask what is the exact meaning of 11-dimensional uplift of [14] ? In the context of 4-dimensional N = 8 gauged supergravity, the SU (3)-invariant sector can be realized by four real supergravity fields. The 11-dimensional metric with common SU (3)-invariance is constructed in [30] where the 7-dimensional internal metric is more complicated than the one in (2.12) due to the presence of four fields denoted by (a, b, c, d) rather than two by (a, c). The definition for (a, b, c, d) [30] is given in terms of the fields in [27] . Along the constraints b = 1 a ≡ ρ −4 and d = c ≡ cosh χ, the supersymmetric flow characterized by four fields becomes the one in (1.2). Therefore, we have considered the 4-dimensional superpotential on a restricted 2-dimensional slice (rather than 4) of the scalar manifold and the differential equations for the fields are the gradient flow equations of this superpotential.
What happens for 11-dimensional point of view? Since the 11-dimensional metric is given in terms of four fields, the Ricci tensor can be obtained straightforwardly. This becomes the Ricci tensor (A.1) along the above constraints. What about 4-forms? One expects that the internal 4-forms looks like as (2.22) but the dependence on the four fields arises in various way. For the 3-form with membrane indices, one should generalize the 4-dimensional superpotential given in [6] to the geometric superpotential where the dependence on the internal coordinates occurs. Along the constraints, this 4-forms should be the same as the one in (2.22). Our work in this paper is the first task to complete the 11-dimensional uplift of the supersymmetric flow invloving the four supergravity fields which is still an open problem.
In this sense, we have found the 11-dimensional solution for the 4-dimensional supersymmetric flow presented in [14, 6] along the constraints and the corresponding SU (3)-invariant RG flow to the IR point of 3-dimensional dual gauge theory is the curve (m 1 = m 2 ) connecting the SO(8) point to the
where the y-dependent functions with some parameter a are given by
The quadratic form ξ 2 is given by (2.8), the warp factor ∆ is given by (2.13) and the fiber on the Einstein-Kahler 2-fold is written in terms of the angular variables θ 5 , θ 1 , φ 1 , y and β. See the frame e 10 and the frame e 11 . There are U(1) symmetries in β and θ 5 . The
AdS 4 supergravity fields (ρ, χ) and scale function A have nontrivial r-dependence via (1.2) as before. The three coordinates [22] are related to those in this paper: (µ, α) correspond to (θ, θ 6 ) of (2.17) and ψ = θ 5 . That is, cos µ = sin θ sin θ 6 and cos α =
. Through the transformation, one can easily see that the above 11-dimensional metric (3.1) becomes the one in [22] exactly. In order to obtain the Ricci tensor and 4-form field strengths for SU(2) × U(1)-invariant flow, one needs the partial differentiations between these coordinates.
• The Ricci tensor and the 4-form field strengths along the flow
The Ricci tensor can be obtained from (3.1) directly or can be determined from the one preserving SU(2) × U(1) × U(1) R by using the transformation on the coordinates between the two coordinate systems. That is, the SU(2) × U(1)-invariant Ricci tensor is given by R N M (2.19) where the 11-dimensional coordinates are given by z M in (2.20) and
Only two of them are distinct and the Ricci tensor
is presented in the Appendix C (C.1) explicitly. The Ricci tensor (2.19) for SU(2) × U(1)-invariant flow is given in the Appendix D (D.1) explicitly and there exist off-diagonal components (4, 5) , (4, 11) , (5, 4), (5, 10), (5, 11), (7, 5) , (7, 10) , (7, 11) , (9, 5) , (9, 10) , (9, 11) , (10, 5) , (10, 11) (11, 4) , (11, 5) and (11, 10) . At the IR critical point in 4-dimensions, the components (4, 5), (4, 11) , (5, 4) and (11, 4) vanish.
For the 4-form field strengths, one can use (2.21). These transformed 4-forms are given,
and the transformed 4-forms with upper indices, in terms of (C.3), are described by (D.3).
At the IR critical point in 4-dimensions, the following 4-forms also vanish:
and F 45mn (m, n, p = 6, · · · , 11) become zero at the IR critical point.
In [22] , it is known that the solution by the Ricci tensor (C.1), the 4-forms with lower indices (C. 
After plugging the explicit solution for the lower 4-forms (C.2) and the upper 4-forms (C.3) of SU(2) × U(1) × U(1) R -invariant flow, all of these (3.2) are vanishing identically. Recall that these quadratic 4-forms correspond to the off-diagonal terms of Einstein equation for 
Conclusions and outlook
We have found out four new 11-dimensional solutions of N = 1 SU (3) , one can determine them by constructing the corresponding 3-forms in frame basis directly described in [20, 22, 23] .
• One can analyze the similar RG flow descriptions around N = 1 G 2 critical point.
According to the branching rules of G 2 into its subgroups, one expects that the 11-dimensional solution should preserve SU(3) or SU(2) × SU(2) symmetries. It would be interesting to find out the correct 4-forms for given 11-dimensional metric. Furthermore, the most general 5-dimensional Sasaki-Einstein space can be considered and the global symmetries become the smaller SU(2) × U(1) symmetry or U(1) × U(1) symmetry.
• It is an open problem to find the 11-dimensional lifts of holographic N = 1 supersymmetric RG flows [14] connecting from N = 1 G 2 critical point to N = 2 SU(3)×U(1) R critical point. One can think of SU (3) that there exist nontrivial 4-form field strengths and the work of [26] will be useful to obtain these 4-forms explicitly.
• It is an open problem to consider the case where there exist four supergravity fields preserving SU(3) symmetry. In particular limit, one has 11-dimensional lift [9] of N = 2 SU(3) × U(1) R -invariant flow and for other limit, one obtains the 11-dimensional lift [8] of Appendix A The SU (3) × U (1) R -invariant flow
In this Appendix, we summarize the Ricci tensor and the 4-form field strengths for SU(3) × U(1) R -invariant flow [9] .
Appendix A.1 The Ricci tensor
The nonzero Ricci tensor in the coordinate basis from the 11-dimensional metric [9] , after imposing the flow equations (1.2), can be written as follows: where we introduce
There are additional nonzero Ricci tensor components (R ) that depend on the internal coordinates θ 1 or θ 2 , compared to the Ricci tensor in the frame basis [9, 22] .
One also obtains (A.1) directly from the Ricci tensor in the frame basis with the help of vielbeins. At the IR fixed point(u = √ 3 and v = 
Appendix A.2 The 4-form field strengths
The nonzero 4-form field strengths satisfying (1.3) for given Ricci tensor (A.1) and 11-dimensional metric presented in [9] are summarized as follows: γ and ψ → ψ − γ, corresponding to the U(1) R charge, it is evident that 4-forms preserve this U(1) R charge. Note that θ 4 is one of the Euler angles on S 3 in (2.2). At the IR fixed point in 4-dimensions, the components F 1235 , F 4mnp and F 45mn vanish. By using the 4-form field strengths in the frame basis [9, 20] and vielbeins, one also obtains (A.3).
The 4-form field strengths with upper indices can be obtained from those with lower indices (A.3) by multiplying the 11-dimensional inverse metric and they are given by as follows: 
One also obtains (A.4) from the 4-form field strengths in the frame basis [9, 20] and vielbeins. At the IR fixed point in 4-dimensions, the components F 1235 , F 4mnp and F 45mn vanish as before. It turns out that after computing the RHS of (1.3) using both (A.3) and (A.4), the dependence on the combination (θ 4 + 3φ + 4ψ) disappears completely. This coincides with the fact that the Ricci tensor (A.1) does not depend on these variables.
Appendix B The SU (3)-invariant flow
In this Appendix, we describe the Ricci tensor and the 4-form field strengths for SU(3)-invariant flow that can be written in terms of corresponding Ricci tensor and 4-form field strengths respectively for SU(3) × U(1) R -invariant flow.
Appendix B.1 The Ricci tensor
The Ricci tensor in the coordinate basis from the 11-dimensional metric (2.16), after imposing the flow equations (1.2), can be written in terms of those (A.1) in the Appendix A as follows: 
(m, n = 6, · · · , 10),
,
F 5mn 11 = − 5 sin θ + 4 cos 2θ 6 sin 3 θ + sin 3θ
(F 5mn 10 − F 5mn 11 ) , (m, n = 6, · · · , 9),
The F 123 11 is new, compared to the SU(3) × U(1) R -invariant flow. At the IR fixed point in 4-dimensions, the components F 1235 , F 123 11 , F 4mnp and F 45mn vanish. The 4-form field strengths with upper indices can be obtained from those with lower indices (B.2) by multiplying the 11-dimensional inverse metric (2.16) and they are given by as follows:
(m = 6, · · · , 9),
(m = 6, · · · , 9), 
Appendix B.3 The left hand side of Maxwell equation
By introducing the notation 
One can easily check that the RHS of Maxwell equation ( 
In this Appendix, we summarize the Ricci tensor and the 4-form field strengths for SU(2) × U(1) × U(1) R -invariant flow [22] .
Appendix C.1 The Ricci tensor
The nonzero Ricci tensor in the coordinate basis from the 11-dimensional metric [22] , after imposing the flow equations (1.2), can be written as follows:
where we use a simplified notation (A.2). There are additional nonzero Ricci tensor components (R ) that depend on the internal coordinates θ 1 or y, as compared to the Ricci tensor in the frame basis [22] . One also obtains (C.1) directly from the Ricci tensor in the frame basis with the help of the vielbeins. At the IR fixed point in 4-dimensions, the off-diagonal components R 
Appendix C.2 The 4-form field strengths
The nonzero 4-form field strengths satisfying (1.3) for given Ricci tensor (C.1) and 11-dimensional metric presented in [22] are summarized as follows: One sees that the 4-forms (C.2) has the dependence on (α + ψ). According to the shifts α → α + γ and ψ → ψ − γ, corresponding to the U(1) R charge, it is evident that 4-forms preserve this U(1) R charge. At the IR fixed point in 4-dimensions, the components F 1235 , F 4mnp and F 45mn vanish. By using the 4-form field strengths in the frame basis [22] and vielbeins, one also obtains (C.2).
The 4-form field strengths with upper indices can be obtained from those with lower indices (C.2) by multiplying the 11-dimensional inverse metric [22] and they are given by as follows: One also obtains (C.3) from the 4-form field strengths in the frame basis [22] and vielbeins.
At the IR fixed point in 4-dimensions, the components F 1235 , F 4mnp and F 45mn vanish. It turns out that after computing the right hand side of (1.3) using both (C.2) and (C.3), the dependence on the combination (α + ψ) disappears completely. This coincides with the fact that the Ricci tensor (C.1) does not depend on these variables.
Appendix D SU (2) × U (1)-invariant flow
In this Appendix, we describe the Ricci tensor and the 4-form field strengths for SU(2)×U(1)-invariant flow that can be written in terms of corresponding Ricci tensor and 4-form field strengths respectively for SU(2) × U(1) × U(1) R -invariant flow.
Appendix D.1 The Ricci tensor
The Ricci tensor in the coordinate basis from the 11-dimensional metric (3.1), after imposing the flow equations (1.2), can be written in terms of those (C.1) in the Appendix E as follows: (m, n) = (6, 7), (6, 8) , (6, 9) , (7, 8) , (7, 9) ,
(m, n) = (7, 8) , (7, 9) , (7, 10) , (8, 9) , (8, 10) , (9, 10) ,   F 5mn 10 − sin θ cos θ sin θ 6 1 − sin 2 θ sin 2 θ 6 F mn 10 11 , (m, n) = (6, 7), (6, 8) , (6, 9) , (7, 8) , (7, 9) . (D.
2)
The (m, n) = (6, 8) , (6, 9) , (6, 10), (7, 8) , (7, 9) , (7, 10) , (8, 9) , (8, 10) , (9, 10), F 4mn 10 = F 4mn 10 , (m, n) = (6, 8) , (6, 9) , (7, 8) , (7, 9) , (8, 9) , (m, n) = (6, 8) , (6, 9) , (6, 10) , (7, 8) , (7, 9) , (7, 10) , (8, 9) , (8, 10) , (9, 10) , (m, n) = (6, 8) , (6, 9) , (7, 8) , (7, 9) , (8, 9) , F 5mn 11 = csc θ 1 − sin 2 θ sin 2 θ 6 F 5mn 11 , (m, n) = (6, 8) , (6, 9) , (6, 10), (7, 8) , (7, 9) , (7, 10) , (8, 10) , (9, 10), (m, n) = (6, 8) , (6, 9) , (7, 8) , (7, 9) , (8, 9) .
There is a new 4-form 
Appendix D.3 The left hand side of Maxwell equation
The nonzero components of left hand side of Maxwell equations in terms of (C.2) are given as follows: 
